We use the worldline formalism to derive a universal relation for the lower boundary of the conformal window in non-supersymmetric QCD-like theories. The derivation relies on the convergence of the expansion of the fermionic determinant in terms of Wilson loops. The expansion shares a similarity with the lattice strong coupling expansion and the genus expansion in string theory. Our result relates the lower boundary of the conformal window in theories with different representations and different gauge groups. Finally, we use SQCD to estimate the boundary of the conformal window in QCD-like theories and compare it with other approaches.
The above relation (1) is argued to hold for theories based on the gauge groups SU(N), SO(N) and Sp(2N) with N f massless fermions in either the fundamental, adjoint, symmetric or anti-symmetric representation. λ is a universal constant (presumably λ ≈ 1/4). T (R) is defined by tr T a T b = T (R)δ ab . C 2 denotes the quadratic Casimir of the adjoint representation T a adj. T a adj. = C 2 1 (C 2 = T (adj.)). n ⋆ f denotes the number of Weyl (or Majorana) fermions. Throughout the paper we will use the notation N f for Dirac fermions (note that n f = 2N f ).
The basic idea behind the present work is to expand the fermionic determinant in powers of N f . The zeroth order correspond to the quenched theory, where the theory is confining. We argue that the series converges as long as N f < N ⋆ f and we use it to derive our result (1) . We repeat the derivation for various representations and gauge groups and show that the coefficient λ is universal, i.e. it does not depend on the representation or the gauge group. In SU(N) theories λ ∼ g st N c , where g st is the three glueballs coupling of pure Yang-Mills theory (or the string coupling of the string dual).
The paper is organized as follows: in section 2 we introduce our idea and use it for the case of SU(N c ) Yang-Mills theory coupled to N f massless fundamental flavors. In section 3 we generalize our discussion to other representations and other gauge groups. In section 4 we make a crude estimate of λ by using the knowledge of N ⋆ f in SQCD. Finally, in section 5 we discuss our results and compare them to other approaches.
2 The conformal window in SU (N c ) Yang-Mills with N f fundamental fermions
Our discussion is based on an earlier paper [17] . Consider a calculation of the expectation value of a large circular Wilson loop in multi flavor QCD (by large we mean Λ QCD R ≫ 1). In the path integral formalism it can be written, after integration over the fermions, as follows
Let us use the worldline formalism [18] in order to express the fermionic determinant in terms of Wilson loops. The fermionic determinant is related to the Wilson loop as follows
where
with
is a sum over (super)-Wilson loops. The sum is over contours of all sizes and shapes. The sum can be written schematically as Γ[A] = C w. In this notation the fermionic determinant is
Thus the expectation value of the Wilson loop in QCD is
The above expansion is performed in the full non-perturbative Yang-Mills vacuum. The 1/n! in (5) cancels against a combinatorial n!.
... The first term in the expansion (6) is given by (see fig. (1) )
since the YM theory confines. The second term in (6) is dominated by a Wilson loop w which creates the largest hole in the worldsheet of W, except a narrow boundary given by a minimal distance l (a UV cut-off), see figure (1) . It can be demonstrated either by the lattice strong coupling expansion or by the AdS/CFT. In particular in the AdS/CFT framework, the two point function Ww YM is given by the Nambu-Goto action
The Wilson loop w that minimizes the Nambu-Goto action, is depicted in figure (1), see ref. [17] for a detailed discussion. The result is a perimeter law
Higher order terms in the expansion will also create holes and result in a perimeter law. They are proportional to (N f ) n (where n is the order of the expansion). To be more precise we argue that the n th term in the expansion is given by
namely that the expansion is in powers of
. In order to obtain an intuition about the above expansion let us assume that in passing from order n to an order n + 1 we need to add a small Wilson loop, which is given by
where λ is the 't Hooft coupling and a is the area of the loop. The assumption that we need to add a small Wilson loop is not valid. However we will soon argue that it captures the right dependence on N f and N c . In the AdS/CFT framework adding a Wilson loop to a diagram which consists of n Wilson loops will result in a factor of g st = λ/N c , since we need to connect the (n + 1)
th Wilson loop worldsheet to the bulk worldsheet. An example is given in figure (2) 1 . We thus conclude that the n th term in the 1 Figure ( 2) suggests the existence of bulk non-planar g 2 st corrections. These corrections will renormalize the QCD string tension. expansion is given by
Thus λ is a constant proportional to the 't Hooft coupling of the strongly coupled pure Yang-Mills theory.
The expansion in terms of Wilson loops (or in powers of N f ) makes sense provided that it has a finite, but non-zero, radius of convergence. Although it is not necessary, we assume that the series is geometric. Our assumption that it forms a geometrical series namely that C n = λ n is supported by the string expansion and also by Veneziano's topological expansion [19] . The expansion will break down at a critical N ⋆ f when
The expansion of QCD observable around the confining Yang-Mills vacuum makes sense as long as the theory is in the confining phase. In particular, the zeroth order term exp −σA, corresponds to a mass gap in the gluonic sector of the theory. Such a term is not acceptable inside the conformal window and hence we argue that eq.(13) determines the lower boundary of the conformal window.
Other representations and gauge groups
The generalization to other representations is straightforward. The perturbative expansion of a small Wilson loop (11) suggests that when the fundamental representation is replaced by a different representation R, eq. (13) is replaced by
a priori , the coefficient λ R depends on the representation of the matter field. Let us start with the adjoint representation. Adjoint fields will not screen the fundamental loop and therefore will not create a hole in the worldsheet. Instead each term in the expansion will contribute exp −σA, since worldsheets with a higher area will be exponentially suppressed. In the 't Hooft double line notation, the adjoint loop contains two lines, see figure (3). When we connect an adjoint Wilson loop to a fundamental loop, we actually connect only one of the lines 2 , while the second line provides an extra factor of N c . In particular, when the fermions are in the adjoint representation, Ww ∼ N c n f . Higher order corrections are of order O ((g st N c n f ) n ). Thus The generalization to matter in the two-index symmetric (or two-index antisymmetric) is as follows: by using the decomposition in terms of fundamental Wilson loops tr u symm. = tr u f tr u f − tr u 2 f ) we learn that we need to sum two contributions: the first is similar to the adjoint (however, in the 't Hooft notation the two lines admit the same orientation) and the second contains one line that winds twice, see figure (4). The Nambu-Goto action for both contributions is identical, but one is O(N c ) while the other is O(1), see ref. [20] . The sum of the two contributions is 1 2 (N c + 2) (or 1 2 (N c − 2)). This assertion is consistent with the fact that for SU(2) the antisymmetric representation is identical to the singlet. Since the singlet decouples from the Yang-Mills theory, a factor N c − 2 is anticipated for the antisymmetric Wilson loop. We thus obtain,
Large N c equivalence [21] between a theory with N f adjoint Majorana fermions and N f symmetric (or antisymmetric) Dirac fermions yields λ adj. = + − λ symm/Asymm . Moreover, for SU(3) a Dirac fermion in the fundamental representation is equivalent to a Dirac fermion in the antisymmetric representation. Hence λ symm/Asymm = λ f . These observations lead to the relation
for SU(N c ) theories with matter in either the fundamental/adjoint/symmetric or antisymmetric representation. The generalization to SO(N c ) or Sp(2N c ) gauge group is achieved by noticing that the string coupling is related to N c by
where C 2 is the quadratic Casimir of the adjoint representation of the SO/Sp group, see ref. [22] for a recent discussion. Therefore, when passing from the n th order to the next order, we "pay" by a factor of n f λ SO/Sp C 2 . Note also that planar equivalence between SU(N c ) and SO/Sp theories leads to λ SU = λ SO/Sp . We therefore propose (1) as a universal relation, with the same universal constant λ for SU, SO and Sp theories.
We end this section by listing the values of T (R) for the cases under consideration, see table (1) In order to generalize our discussion to the SQCD case, we need to incorporate scalars. The worldline formalism for scalars is, in fact, simpler, since Group Rep. 
(19) In our discussion we consider the coupling of a large Wilson loop W to Wilson loops which are generated by the scalar or the fermionic determinant. Our consideration is semiclassical, namely we assume a saddle-point configuration which dominates the path integral. Let us argue that we can neglect the fermion spin and that in the semiclassical approximation we can put scalars and fermions on equal footing. The reason is that the classical action for the worldline fermions is quadratic (for simplicity we write down the action when the fermions are coupled to an Abelian gauge field)
and therefore ψ µ = 0 is a solution of the worldline-fermions equation of motion δS/δψ = 0. Thus the saddle point solution for the correlation function of W with either a super-Wilson loop or a bosonic Wilson loop is identical.
For this reason, we assume that we can neglect the spin of the fermion and we estimate the contribution of a scalar to be identical to the contribution of a fermion.
SQCD consists of N f fundamental fermions, N f fundamental scalars and one adjoint fermion. Under the estimate that scalars and fermions contribute in equal weight we obtain
Substituting N ⋆ f /N c = 3/2 in the above equation, we obtain
hence in QCD (or QCD-like theories) we estimate the lower boundary of the conformal window by
We would like to stress that the above estimate is not fully justified: the SQCD Lagrangian consists of a Yukawa interaction term between the squark the quark and the gluino. In our discussion we have ignored it -without a proper justification. It would be nice if there exists a limit in which the Yukawa term could be ignored and our estimate is justified.
Discussion
In this paper we argued that the conformal window in gauge theories respects a universal relation (1). The relation is general and it applies to various gauge groups and various representations. It contains a universal unknown constant λ which is essentially the "string coupling" (times N c in SU(N c ) theories), namely the strength of the three glubeballs interaction. The constant λ can be evaluated in a lattice simulation of pure Yang-Mills theory by considering a three point function of Wilson loops. The relation (1) holds in supersymmetric theories, since the NSVZ beta function admits a non-trivial zero when n f T (R)/C 2 (G) = 3/2 [24] (here n f counts the number of chiral superfields). Interestingly, an NSVZ-inspired beta function was proposed in [11, 23] . An outcome of this proposal is our result (1) with a universal constant λ = 4/11.
The relation (1), for SU(N c ) theories, was also obtained in [12] , namely the dependence of the representations is proportional to T (R)/N c , with λ = 1/4, except for the fundamental representation, where λ = 2/5.
Our estimate for QCD with N f fundamental Dirac fermions is N ⋆ f ≈ 4N c . It is in agreement with [3, 4, 8] , but it differs from other approaches. We wish to stress that all the estimates of N ⋆ f , including ours, for non-supersymmetric theories on R 4 rely on assumptions that may, or may not, be valid. Lattice simulations of QCD with matter in various representations are carried out currently [15] . After the dust settles, those simulations will confirm or rule out the relation (1).
